We establish the connection between non-Markovianity and negative entropy production rate for various classes of quantum operations. Generalizing the definition of entropy production rate for non-equilibrium case we connect it with the rate of change of free energy of the system and establish complementary relations between non-Markovianity and maximum loss of free energy. We naturally conclude that non-Markovianity, in terms of divisibility breaking is a necessary resource for backflow of other resources like purity or free energy, under corresponding allowed operations. Based on this we propose a resource theory of non-Markovianity by constructing the free operations, free states and a generalized measure of non-Markovianity. The framework satisfies the basic properties of a consistent resource theory. The proposed resource quantifier is lower bounded by the optimization free Rivas-Huelga-Plenio (RHP) measure of non-Markovianity.
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We establish the connection between non-Markovianity and negative entropy production rate for various classes of quantum operations. Generalizing the definition of entropy production rate for non-equilibrium case we connect it with the rate of change of free energy of the system and establish complementary relations between non-Markovianity and maximum loss of free energy. We naturally conclude that non-Markovianity, in terms of divisibility breaking is a necessary resource for backflow of other resources like purity or free energy, under corresponding allowed operations. Based on this we propose a resource theory of non-Markovianity by constructing the free operations, free states and a generalized measure of non-Markovianity. The framework satisfies the basic properties of a consistent resource theory. The proposed resource quantifier is lower bounded by the optimization free Rivas-Huelga-Plenio (RHP) measure of non-Markovianity.
Introduction: Control and manipulation of characteristic quantum traits of any physical system is more often or not hindered by decoherence resulting from the unavoidable coupling with noisy environments. Theory suggests that as a result of decoherence, the system monotonically relaxes to the thermal equilibrium or more generally to a non-equilibrium steady state [1] [2] [3] [4] . The one way information flow characterized by the montonic relaxation towards the stationary states is a direct consequence of the Born-Markov approximation [4] . For the cases of very large stationary environments, BornMarkov approximation leads to the CP (Complete Positive)-divisibility of the dynamics [5] [6] [7] . However in realistic situations where system-environment coupling is not sufficiently weak, Born-Markov approximation is not valid and as a consequence the CP-divisibility may break down [8] , leading to the observation of non-Markovian backflow of information [9] , which can act as a resource in various quantum mechanical scenarios [10] [11] [12] [13] .
In this letter we investigate resource theoretic aspect of nonMarkovianity (NM) from a thermodynamic point of view. We scrutinize the effect of NM from the backdrop of Resource theory of purity (RTP) [14, 15] , thermodynamics [16, 17] and beyond. We connect NM with these various resource theories via the notion of entropy production rate (EPR) [18] [19] [20] [21] . EPR as defined later, is a fundamental quantity in nonequilibrium thermodynamics, whose positivity gives rise to the local form of 2nd Law of thermodynamics for open quantum systems [18] . The positivity implies that the system is approaching towards equilibrium and it is zero at the equilibrium. It has been shown earlier [19, 20] that NM can give rise to certain situations, where the EPR can be negative. In this work we establish the statement in the backdrop of various resource theoretic framework, that negative EPR caused by non-Markovian backflow of information indicates that the system is driven away from equilibrium. Hence we essentially establish that NM necessarily drives the system away from equilibrium. In a previous work [22] it has been established that information theories can be viewed as examples of resource interconversion. In this article we show how NM can be converted into other resources, laying the foundation of a resource theoretic framework of NM. We further develop a resource theoretic framework of NM by characterizing its free operations, free states and a proper measure of NM. Previously there has been an attempt to construct a resource theory of non-Markovianity (RTNM) [23] . But there the framework was based on a tripartite scenario with a proposal of classical RTNM . Though the notion of NM is more general, the characterization of it in terms of divisibility breaking of a channel [8] is restricted within quantum scenario. Since we consider the notion of NM as the breakdown of divisibility within the evolution, our framework is of a quantum RTNM. Moreover, our framework of quantum RTNM is valid for arbitrary finite dimensional quantum system, which can be a single system or any-partite and it satisfies all the basic ingredients of RT [24] After defining EPR, we first consider the RTP under the allowed unital operations (UO). Then we take thermal operations (TO) and establish connections between EPR and thermodynamic quantities like free energy. We further consider general Completely Positive Trace Preserving (CPTP) operations and define a generalized EPR (GEPR) to establish connections between it and the mentioned thermodynamic quantities. Then we present a possible resource theoretic framework of NM. It is important to mention that in this work, we are restricting ourselves to the operations for which there always exists a Lindblad type generator of the formρ(t) = L(ρ(t)) =
where Γ α (t)s are the Lindblad coefficients and A α s are the corresponding Lindblad operators. For divisible evolutions Γ α (t) ≥ 0, ∀α, t.
Entropy production rate: The EPR is defined as the negative time derivative of the relative entropy between the instantaneous state and the thermal state:
where S (A||B) = T r[A(ln A − ln B)] is the von-Neumann relative entropy and τ β = e −βH /Z is the thermal state of the system at inverse temperature β, where Z = T r[e −βH ] is the partition function. Under TO, the thermal state is the only fixed point of the dynamics. Therefore it can be shown that
. This gives the relation
where S (t) = −T r[ρ(t) ln ρ(t)] is the von-Neumann entropy and J = T r[Hρ(t)] is the heat current.
is the maximum work that can be extracted from the system by applying thermal operations. The expression of EPR can also be generalized for Réyni divergence as σ
, is the Réyni relative entropy. We will show that under unital and TO, σ γ (t) is positive under divisible CPTP evolution. But for a more general evolution, it is not.
Thermodynamics of non-Markovian backflow of information under unital dynamics : We first consider the RTP, in which UO are the free operations. In the following theorem we analyse the characteristics of Lindblad operators [2] in cases of such unital evolutions, for which Lindblad generators does exist. Theorem 1: For all the unital dynamical maps having corresponding Lindblad generators, the Lindblad operators can always be constructed as normal operators.
The proof is presented in the supplementary materiel [25] . This theorem is very important solely from the perspective of the theory of open quantum systems, because it gives a complete characterization of the structure of Lindbladians for unital operations. Using this theorem, we prove the following corollary. Corollary 1: For unital quantum dynamical processes, NM is necessary to drive the system away from equilibrium.
The proof of the corollary is presented in the supplementary material [25] . The non-commutativity of operators is an exclusively quantum property. The asymmetry of an operator with respect to a quantum state can be defined as
HS , where ||.|| HS denotes the Hilbert-Schmidt norm. We show that the rate of change of purity under a unital dynamical process [25] can be represented as
where Γ U α (t) and A α are respectively the Lindblad coefficients and Lindblad operators for unital evolution. We know that purity is a monotonically decreasing function under unital operation. From Eq. (3) we see that it can only increase due to non-Markovian backflow. We also see that the amount of decay of purity or enhancement due to NM depends exclusively on the asymmetry between the instantaneous quantum state and the Lindblad operators. States which are more asymmetric with respect to the Lindblad operators, are more sensitive to environmental effects. From the above analysis, it is evident that NM acts as a resource for unital evolutions.
Thermodynamics of non-Markovian backflow under thermal operations : Let us now discuss the thermodynamic role of NM from the perspective of resource theory of Thermodynamics (RTTD). Under TO, the free energy F (t) = H − S (t)/β is a monotone and we prove that it obeys the following relation [25] with entropy production rate.
A more general definition of free energy [17] can be stated as
Using this definition, (4) can be generalized for Réyni divergence as:
. We now prove the following corollary: Corollary 2: Under TO Λ th , which is CP-divisible, EPR is always positive. But if one goes beyond TO, this is not true in general.
The proof is given in the supplementary material [25] . Therefore, under CP-nondivisible (i.e. non-Markovian) thermal maps, the EPR can be negative, in the regions where CPdivisibility breaks down. In those regions, we can see from Eq. (4), the free energy of the system increases. Therefore, non-Markovianty acts as a resource and provides free energy to the system. Under TO free energy is a monotone; which means the system monotonically goes towards the thermal state or equilibrium state. We see that non-Markovian backflow essentially drives the system away from equilibrium. Therefore Corollary 1 is also true for TO. In the following Theorem, we are going to establish a complementary relation between NM and free energy loss. To do that we first define athermality. Athermality: We define athermality between the instantaneous state ρ(t) and the thermal state as
T r|A − B| is the trace distance between two states A and B. Since A(t) is a monotone under divisible TO, it is also a proper witness for non-Markovian backflow of information. Considering this fact, in the following theorem, we connect NM with free energy loss through a complementary relation. Theorem 2: Loss of free energy and athermality obeys the following complementary relation:
Proof. Loss of generalized free energy can be defined as
. Now we have the Pinsker inequality [26] for generalised Reyni divergence [27] as
. Using this we arrive at the relation given in (5). The relation naturally also holds for von-Neumann relative entropy (γ → 1). The complementary relation actually validates the importance of NM as a resource in various quantum thermodynamic protocols.
Beyond TO and formulation of GEPR: Let us now extend our findings to the operations Λ G , which are beyond TO. For such operations thermal state τ β is not a fixed point anymore, since the backaction of bath can produce a time-dependent shift in the Hamiltonian or external driving Hamiltonians may also be present. Considering a general time-dependent shift in the Hamiltonian we can argue that H →H(t) under the evolution Λ G . Hence we modify the thermal state as a timedependent thermal state given by τ β (t) = e −βH(t) Z(t) . We then have Λ G (t + δ, t)(τ β (t)) = τ β (t + δ). We define a GEPR for such evolutions asσ
After performing some calculations, we find that [25] this GEPR is related to the original EPR by the relatioñ
where W = T r[Ḣ(t)ρ(t)] and W th = T r[Ḣ(t)τ β (t)] are the workdone by the instantaneous state and by the timedependent thermal state respectively. Also in contrast to Eq. (2), which is valid for TO, we derive similar expression for GEPR [25] , given as
where S th (t) is the von-Neumann entropy for the instantaneous thermal state τ β (t). Corollary 3: Beyond TO, the GEPR is negatively proportional to the time rate of change of the difference between the free energies of the instantaneous state and the instantaneous thermal state:
The proof is given in the supplementary material [25] . Therefore we can understand that negativity of GEPR implies that the system is free energetically going away from the instantaneous thermal state. This also implies that in the nonMarkovian region, only where the EPR can be negative, the system is necessarily driven away from equilibrium. Similar to the case of TO we now establish the following complimentary relation. Corollary 4: A complementary relation similar to that presented in Theorem 2 can be found for operations beyond TO, which is presented as: ∆F + 2A 2 (t) ≤ S (ρ(0)||τ β (0)), wherē F (t) = (F (ρ(t)) − F (τ β (t))) is the free energy difference between the instantaneous state and that of instantaneous thermal state, A(t) = D T (ρ(t)||ρ th (t)) is the instantaneous athermality and ∆F (t) = (F (0) −F (t)).
The proof is similar to that of Theorem 2.
Example from a spin bath model: Here we examine the validity of our findings for generalized non-Markovian evolution in a backdrop of a spin-bath model [20, 28] . The model consists of a single spin interacting with N number of mutually non-interacting spin-half particles. The collection of non-interacting spins is considered to be the bath. This type of open system dynamics with fermionic environments has been of significant theoretical interest for over the past decade [29, 30] and extremely relevant for quantum computing with NV centre [31] defects within a diamond lattice. After solving the total dynamics, the reduced dynamics can be exactly obtained [28] as: ρ S (t) = ρ 11 (t)|1 1| + ρ 22 (t)|0 0| + ρ 12 (t)|1 0| + ρ 21 (t)|0 1|, where ρ 11 (t) = ρ 11 (0)(1 − A(t)) + ρ 22 (0)B(t), ρ 12 (t) = ρ 12 (0)C(t). The detailed calculation of the reduced dynamics and the expressions of the coefficients A(t), B(t) and C(t) are given in the supplementary material [25] . The dynamical equation corresponding the reduced dynamics presented above [20] , can be expressed in the Lindblad form as:
, where σ ± = σ x ±iσ y 2 , and Γ dis (t), Γ abs (t), Γ deph (t) are the rates of dissipation, absorption and dephasing processes respectively, and U(t) corresponds to the unitary evolution. The exact expressions of the mentioned quantities are given in the appendix. Therefore we see that under this general non-Markovian evolution, the system Hamiltonian evolves to the time dependentH(t) = U(t)σ Z , due to the back action of the bath. Here the instantaneous thermal state is therefore given by ρ th (t) = e −βH(t) /Z(t), where Z(t) = T r[e −βH(t) ] is the partition function. In Fig.(1) we check that the relation between σ(t) (F (t) − F th (t)) andσ(t) vs. time t with setting the parameters β = 1, ω 0 = ω = 1 and α = 0.1. All quantities are dimensionless. The plot shows that the modified relation between GEPR and rate of free energy change given in Corollary 3 is accurate.
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Here we plotσ(t), the dissipation coefficient Γ dis (t) and dephasing coefficient Γ deph (t) vs time t with setting the parameters β = 1, ω 0 = ω = 1 and α = 0.1. All quantities are dimensionless.
GEPR and the rate of change of free energy given in Corollary 3 holds perfectly. In Fig.(2) we see that GEPR can only be negative in the region where CP-divisibility breaks down (Γ dis (t) < 0 and (or) Γ deph (t) < 0). But we also see that in some non-Markovian region, GEPR is positive,proving NM is necessary but not sufficient to drive the system away from equilibrium.
In the study presented so far, we show that considering RTP under UO, RTTD under TO or even beyond TO, NM is necessary to have backflow of resources. Our result thus shows how NM can be converted into other resources under the corresponding frameworks of RT.
Resource theory of non-Markovianity: The above study lays the foundation to construct a proper framework of RTNM. To construct a RT it is essential to find the set of all free operations which will not increase the resource. Here we construct the framework of a RTNM, where we are contained within the set of operations having Lindblad type generators.
Free operations: The divisible operations are the free operations. They can be expressed as
Free states: The Choi states corresponding to the free operations are considered to be the free states. They can be defined as C M (t + , t) = I ⊗ Λ M (t + , t)(|ψ ψ|) with > 0, where |ψ is the maximally entangled state of d ×d dimension, for a d dimensional system. Now let us recall the RHP measure of NM [8] based upon the divisibility breaking of a channel, which is given by g
the trace norm and C N (t + , t) = I ⊗ Λ N (t + , t)(|ψ ψ|) is the Choi state corresponding to any operation Λ N . For a Markovian divisible evolution, g(t) is always zero since C M (t + , t) are valid quantum states and C M (t + , t) 1 = 1. Therefore the set free states can be defined as
We prove the following propositions stating the properties of the free states and operations. Proposition 1a: The set of free states F is closed under tensor product, partial trace and permutations of spatially separated subsystems. Proposition 1b: The set of free states F is a compact set. Proposition 1c: Free operations cannot generate resourceful states.
The proofs are presented in the supplementary material [25] . The implications of the mentioned propositions are very important. The free states are free in all possible finite dimensions. One cannot generate resourceful states without any cost. Therefore It is natural that tensor product of two free states and reduced state of a free states must be free [32] and free operations cannot generate resource. The above mentioned propositions completes the basic framework of RTNM. We therefore move on to the final goal of quantification of NM as a resource. Measure of non-Markovianity: A proper measure of any resource can be constructed by the minimum distance between a resourceful state and the set of free states, where the distance must be contractive under free operations. In our case we have to consider the distance between a Markovian operation and a non-Markovian operation. Choi-Jamilkowski isomorphism reduces this problem to the problem of finding distance between corresponding Choi states. Therefore a measure of NM can be defined as
, where D(·|·) is any contractive metric under CPTP maps. M(t + , t) can only be non-zero positive quantity in the time span , where CP breaks down. Otherwise it is always zero. Here the optimization is done over the free states (C M (t+ , t)). This optimization is extremely difficult because the free operations Λ M do not form a convex set [33, 34] . We overcome this difficulty by virtue of the following proposition. Proposition 2: In the limit of → 0, the Choi states C M (t + , t) forms a convex set. The proof is given in the supplementary material [25] . Using this proposition we define the following measure of NM, by defining the right derivative of M T (t + , t) in the region where CP breaks down as
where
. The minimum distance M T at the previous time t is taken to be zero, since divisibility was not broken before t and therefore the Choi state at that time belongs to the set of free states with trace norm equals to 1. For any quantum evolution, we always have D T (t) ≥ 0. The equality holds for divisible Markovian evolutions. The optimization involved in evaluating D T (t) is now easier because the set of free states now forms a convex set. Moreover by virtue of Proposition 1b and Proposition 2, we know that now the set of free states F in the limit → 0 is convex and compact. We can now apply Krein-Milman theorem [24] to state that F is the convex hull of its extreme points. We even further reduce the complexity of calculating the measure of NM, by constructing a computable lower bound of D T (t) in the following theorem. Theorem 3: Let Λ N be map corresponding to some operation N and g N (t) be the RHP measure for NM, then
Proof. Here for brevity we are using the short notation
Using reverse triangle inequality:
Here we see that the D T (t) is lower bounded by the RHP measure of NM g N (t). It is easier to calculate g N (t), since there is no optimization involved. Here we must mention that the RHP measure can be considered as the time derivative of the trace norm of the Choi state corresponding to a particular quantum evolution [8] . When the divisibility of the norm breaks down,in an infinitesimal interval of time ( ) the norm of the corresponding Choi state can change and be strictly greater that 1. In those regions we have g N (t) > 1 showing that RHP measure is a witness of CP-indivisibility, whereas D T (t) is the time derivative of minimum distance between the Choi states corresponding to a specific evolution and all possible divisible evolutions. This, with the above mentioned lower bound proves that D T (t) is a more general measure of NM.
Conclusion:
In this work, we analyse the interconvertibility of NM with various other resources under their corresponding free operations. We show that for TO, EPR is equal to the negative rate of change of free energy with time, proving the necessity of NM to provide free energy under TO. In the cases of UO or TO, or other operations, where a unique fixed point exists, we had a clear definition of EPR as given in (1) . For a general non-equilibrium situation, the definition can be modified as (6) , giving the GEPR. We show the relation between GEPR and EPR and also derive the connection between GEPR with rate of change of entropy. We establish a generalized relation between rate of change of free energy and GEPR and show that NM is essential for producing negative GEPR. We validate our results for a spin star model.
The interconvertability of NM with various other resources analysed in the work motivates us to construct a RTNM, considering CP-indivisibility of a dynamical map as the sole resource for backflow of other resources like purity under UO, free energy under TO and beyond. Restricting ourselves within the dynamical maps having Lindblad type generators, we construct the three basic components of a RTNM: the free operations, free states and the measure of NM. In a recent work [35] , a general measure of degree of NM in terms of a minimum quasi-distance has been proposed, where the minimization is done over all Markov processes. Due to the nonconvexity of Markov processes, this optimization is extremely difficult to compute. However calculating D T (t) is much easier because, we show that the free Choi states (C M ) forms a convex set in a sufficiently small time interval . Moreover, we further show that our measure of NM is lower bounded by the RHP measure of NM, which is optimization free and easy to calculate. This gives our RTNM practical importance in the study of NM in quantum information and thermodynamics.
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Unitality of the map ensures that Λ U (I S ) = I S . Hence we have L U (I S ) = 0, where I S is the identity matrix for the dimension of the system S . Using this property, we get that if the dynamical map is unital then A α A † α = A † α A α ∀α, i.e. all the Lindblad operators are normal. But more generally the dynamics will be unital, if the relation
. Therefore we have Γ jk (t) = Γ k j (t), ∀ j, k. Then the Lindblad evolution for unital channel can be expressed as
are Harmitian operators which are normal.
Proof of Corollary 1
An unital operation can always be represented by the dynamical map:
where V S B is a global unitary process acting over the total system-environment state, I B is the identity matrix for the dimension of the environment B and d B is the dimension of the environment. For the mentioned operation, I S /d S is the fixed point, which corresponds to the thermal state at infinite temperature (β → 0). Therefore for unital evolution, the entropy production rate can be defined as σ U (t) = d dt S (t). Alternatively we can also use the identity S (ρ|| T r[ρ γ (t)] . Since for unital evolutions, A α s are normal, we always have χ(t) > 0. Therefore the generalized EPR σ γ U (t) ≥ 0, for all divisible evolutions (Γ U α (t) ≥ 0 ∀α). Therefore σ γ U (t) can only be negative when divisibility of the dynamical process breaks down (Γ U α (t) ≤ 0). This proves that NM is necessary to drive the system away from equilibrium.
Proof of Equation 3
The purity of a state is given as: P(t) = T r[ρ 2 ]. Therefore we have Therefore, using the form of L U (ρ(t)), we get
Proof of equation 4
We know that the free energy can be expressed as F (t) = 
